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PARTITION AND COHEN–MACAULAY EXTENDERS
JOSEPH DOOLITTLE, BENNET GOECKNER, AND ALEXANDER LAZAR
Abstract. If a pure simplicial complex is partitionable, then its h-vector has a
combinatorial interpretation in terms of any partitioning of the complex. Given
a non-partitionable complex ∆, we construct a complex Γ ⊇ ∆ of the same
dimension such that both Γ and the relative complex (Γ,∆) are partitionable.
This allows us to rewrite the h-vector of any pure simplicial complex as the
difference of two h-vectors of partitionable complexes, giving an analogous
interpretation of the h-vector of a non-partitionable complex.
By contrast, for a given complex ∆ it is not always possible to find a
complex Γ such that both Γ and (Γ,∆) are Cohen–Macaulay. We characterize
when this is possible, and we show that the construction of such a Γ in this
case is remarkably straightforward. We end with a note on a similar notion for
shellability and a connection to Simon’s conjecture on extendable shellability
for uniform matroids.
1. Introduction
The h-vector of a simplicial complex contains important and well-studied informa-
tion about the complex and its associated Stanley–Reisner ring. If a pure complex
is partitionable, then the entries of its h-vector are non-negative and have a com-
binatorial interpretation in terms of the partitioning of the face poset. In general,
the h-vector can be described algebraically in terms of the Stanley–Reisner ring
of ∆, but the aforementioned combinatorial interpretation for the h-vector of a
partitionable complex does not apply to non-partitionable complexes.
We introduce a new object of study, which will we will use to extend the combina-
torial interpretation for the h-vector.
Definition 1.1. Let ∆ be a pure d-dimensional simplicial complex. A pure d-
dimensional complex Γ is a partition extender for ∆ if
• ∆ ⊆ Γ.
• Γ is partitionable.
• The relative complex (Γ,∆) is partitionable.
Theorem 1.2 (Theorem 4.1). Every pure simplicial complex has a partition ex-
tender.
For any relative complex (Γ,∆) with dimΓ = dim∆ we can write
h(∆) = h(Γ)− h(Γ,∆).
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When Γ is a partion extender for ∆, then both of the right-hand h-vectors have
combinatorial interpretations. This allows us to view the h-vector of ∆ as an
“error term” between the h-vector of Γ and the h-vector of (∆,Γ), specificially,
every h-vector of a simplicial complex is the difference between the h-vector of a
partitionable relative complexes and the h-vector of a partitionable complex.
We further show that if depth k[∆] = dim k[∆] − 1, then for any Cohen–Macaulay
complex Γ of the same dimension that contains ∆ , the relative complex (Γ,∆)
is Cohen–Macaulay. This similarly allows us to write the h-vector of any such
complex as the difference between the h-vector of a Cohen–Macaulay complex and
the h-vector of a relatively Cohen–Macaulay complex. We also show that such a Γ
does not exist if the depth of k[∆] is any lower.
It is unclear when a similar notion exists for shellability. It certainly cannot ex-
ist whenever depth k[∆] < dim k[∆] − 1, since relative shellability implies relative
Cohen–Macaulayness. We conclude with a connection to Simon’s conjecture on
shellability of uniform matroids [14, Conjecture 4.2.1].
In Section 2, we review standard definitions and background material. In Section 3,
we give explicit constructions which have the required properties to make our proofs
work. In Section 4, we provide our main result on partition extenders. In Section 5,
we prove parallel results with the Cohen–Macaulay property in place of partition-
able. In Section 6, we survey the current state of the problem with the shellable
property. In Section 7, we discuss possible future directions of investigation."
2. Preliminaries
A simplicial complex ∆ is a collection of sets such that if σ ∈ ∆ and τ ⊆ σ, then
τ ∈ ∆. The elements of ∆ are called faces of ∆, and maximal faces are called facets.
If σ is a face of ∆, the dimension of σ is dim(σ) := |σ| − 1. The dimension of ∆ is
defined to be the maximum of the dimensions of the faces of ∆. We say that ∆ is
pure if all its facets have the same dimension. Let ∆ be a d-dimensional simplicial
complex. The f-vector of ∆ is the vector
f(∆) = (f−1(∆), f0(∆), f1(∆), . . . , fd(∆)),
where fi(∆) is the number of i-dimensional faces of ∆. Note that f−1(∆) = 1
unless ∆ is the empty complex ∆ = ∅.
The h-vector of ∆ is the vector h(∆) = (h0(∆), h1(∆), . . . , hd+1(∆)) , whose entries
are defined by the relation
(1)
d+1∑
i=0
fi−1(∆)(x − 1)
d−i+1 =
d+1∑
i=0
hi(∆)x
d−i+1.
The face poset P (∆) of a simplicial complex ∆ is the set of all faces of ∆, partially-
ordered by inclusion. An interval I in a poset P , denoted I = [σ, τ ], is the set of
elements e of P such that σ ≤ e ≤ τ . When this interval I is itself a Boolean poset
(i.e., I ∼= 2[k] for some k ∈ Z≥0), we say this is a Boolean interval.
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Let Γ be a simplicial complex and ∆ be a subcomplex of Γ. The relative complex
(Γ,∆) consists of the faces of Γ not contained in ∆. If (Γ,∆) is a relative complex,
we can define f(Γ,∆) to be the vector whose jth entry is the number of (j − 1)-
dimensional faces of (Γ,∆). We can further define h(Γ,∆) via (1) above.
A poset P is said to be partitionable if P can be written as a disjoint union of
intervals I1 ⊔ · · · ⊔ Ik such that each Ij is a Boolean interval and the maximal
element of each Ij is a maximal element of P . A (relative) complex is said to be
partitionable if its face poset is partitionable.
Proposition 2.1. [15, Page 118] If a pure relative complex is partitionable, then
hi(Γ,∆) is the number of Boolean intervals in any partitioning of the face poset of
(Γ,∆) whose minimal element is an (i− 1)-dimensional face of (Γ,∆).
We note that for any simplicial complex Γ that (Γ,∅) = Γ, so Proposition 2.1 holds
for simplicial complexes as well. There is no previously known analogous result for
non-partitionable complexes.
The notation [n] indicates the set of integers {1, 2, . . . , n}. We take as a convention
that [0] = ∅. Throughout the rest of this paper, we assume that all simplicial
complexes are collections of subsets of [n].
If σ is a face of ∆, the link of σ in ∆ is the simplicial complex
lk∆(σ) = {τ ∈ ∆ | σ ∪ τ ∈ ∆, σ ∩ τ = ∅}.
A simplicial complex ∆ is said to be Cohen–Macaulay (over k) if, for all faces σ ∈ ∆,
H˜i(lk∆(σ), k) =
{
kβσ , i = dim(∆) − dim(σ)− 1
0, otherwise
where H˜i(X, k) is the ith reduced homology group of X with coefficients in k and
βσ ∈ N is the top Betti number of the link. By a result of Reisner [13], this definition
is equivalent to k[∆] being Cohen–Macaulay, i.e., that depth k[∆] = dim k[∆]. Here
k[∆] is the Stanley–Reisner ring (or face ring) of ∆. For a complex ∆ on n vertices
k[∆] := k[x1, . . . , xn]/I∆ where I∆ is the monomial ideal generated by non-faces of
∆.
Given a face σ ∈ ∆, we distinguish between the face σ and the complex 〈σ〉 whose
only facet is σ. If dim σ = d, we call this latter object a d-simplex.
3. Intermediate Constructions
Our main goal is to write the h-vector of any pure complex as the difference of h-
vectors of two partitionable (relative) complexes. We will prove that this is always
possible in Section 4. In this section we introduce two intermediate constructions.
Definition 3.1. A (d, k)-partition extender is a pure d-dimensional simplicial com-
plex ∆ with a specified facet F and a k-dimensional face σ in F such that both
(∆, 〈F 〉) and (∆, 〈F 〉) ∪ {σ} are partitionable.
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Remark 3.2. It is not true that the object (∆, 〈F 〉) ∪ {σ} in Definition 3.1 is a
relative complex in general, but we can still determine whether its face poset is
partitionable or not.
Example 3.3. An example of a (1, 0)-partition extender is ∆ = 〈12, 23, 34, 24〉with
F = 12 and σ = 2. The face poset of (∆, 〈F 〉) is pictured below. A partitioning of
this poset is given by the intervals [23, 23], [3, 34], [4, 24].
23 34 24
3 4
Below, we picture the poset of (∆, 〈F 〉) ∪ {σ}, which has a partitioning into the
intervals [2, 23], [3, 34], [4, 24].
23 34 24
23 4
Definition 3.4. A (d, k)-prepartition extender is a pure d-dimensional simplicial
complex ∆ with a specified facet F , and a face σ in F of dimension k such that
(∆, 〈F 〉) ∪ {σ} is partitionable.
This differs from a (d, k)-partition extender in that we do not require (∆, 〈F 〉) to
be partitionable.
Note that σ is in F , so there are no elements below it in (∆, 〈F 〉)∪ {σ}. Therefore
in any partitioning of the poset (∆, 〈F 〉) ∪ {σ}, σ must be a bottom element of
some interval in the partitioning.
Proposition 3.5. For all −1 ≤ k ≤ d, there exists a (d, k)-prepartition extender.
Proof. We prove this proposition by directly constructing a (d, k)-prepartition ex-
tender for arbitrary k and d. Consider two d-simplices, D1 and D2 such that
D1∩D2 = σ, where σ is a k-face. Label the vertices of D1 not in σ as {1, . . . , d−k},
the vertices of D2 not in σ as {d − k + 1, . . . , 2d − 2k}, and the vertices of σ as
{2d− 2k + 1, . . . , 2d− k + 1}.
Define W1,j = {j + 1, . . . , j + d− k + 1} for 0 ≤ j ≤ d− k − 1, and W2,i = σ \ i for
i in σ. Let ∆ be the simplicial complex on 2d− k+1 vertices whose facets are D1,
D2, and all sets of the form W1,j ∪W2,i. We notice that |W1,j | = d − k + 1 and
|W2,i| = k, so ∆ is a pure simplicial complex of dimension d.
The following is a set of Boolean intervals in the face poset of ∆.
I =[σ,D1]
I ′ =[∅, D2]
Ii,j =[{j + 1} ∪ {v ∈ σ : v < i},W1,j ∪W2,i] for i ∈ σ and 0 ≤ j ≤ d− k − 1.
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We claim that every face of ∆ is in exactly one of these intervals, except for the
face σ which is in both I and I ′.
Note that I ∩ I ′ = σ. Furthermore, I is disjoint from each Ii,j , since every face in
I contains σ, and no face of Ii,j contains σ. Likewise, I
′ is disjoint from each Ii,j ,
since j+1 is a vertex of D1 that is not contained in σ, and therefore not contained
in D2.
Consider some face τ not in I or I ′, that is, τ is not contained in D2 and τ does
not contain σ. Let j + 1 be the least vertex of τ . Since τ is not in D2, this means
that j + 1 is in [d − k], and so 0 ≤ j ≤ d − k − 1. Let i be the largest vertex of σ
such that all smaller labeled vertices of σ are in τ . This implies that i is not in τ .
Since τ + σ, there is some vertex of σ not in τ , and therefore this i exists. Then τ
is in the interval Ii,j .
Furthermore, we will show that τ is not in any other interval. By assumption, τ is
not in I or I ′.
Let Ii′,j′ be an interval which contains τ . Since τ contains all vertices of σ less
than i, andW2,i′ does not contain i
′, then i′ cannot be less than i, since that would
imply that τ both does and does not contain i′. Likewise, i′ cannot be greater than
i, since every face in Ii′,j′ contains the vertices of σ less than i
′, and τ does not
contain i, which is one of those vertices. Therefore i′ = i.
Furthermore, we see that j′ cannot be greater than j, since otherwise W1,j′ does
not contain j + 1, and τ does contain j + 1. Similarly, j′ cannot be less than j,
because every face in Ii,j′ contains j
′ + 1, but j + 1 was the smallest vertex that τ
contained. Therefore j′ = j.
Therefore the only interval that contains τ is Ii,j .
This means that ∆ is a (d, k)-prepartition extender, withD2 as the specified facet, σ
as the specified face, and the set {I}∪
⋃
i,j{Ii,j} as a partition of (∆, 〈D2〉)∪{σ}. 
Proposition 3.6. For all −1 ≤ k ≤ d, there exists a (d, k)-partition extender.
Proof. Recall from Definition 3.1 that a (d, k)-partition extender consists of a pure
d-dimensional complex ∆, along with a specified facet F and specified k-dimensional
face σ in F . We construct our (d, k)-partition extender inductively, starting with
k = d and decreasing k. First we note that a (d, d)-prepartition extender is in
fact a (d, d)-partition extender. Indeed, in any partitioning of a (d, d)-prepartition
extender, one of the intervals must be [σ, σ], and so removing σ and this interval
gives the required partitioning of (∆, 〈F 〉).
Suppose that (d, h)-partition extenders exist for all h > k. We will construct a
(d, k)-partition extender K with specified facet F , and specified k-face σ. Let K ′
be a (d, k)-prepartition extender with specified facet F and specified k-face σ.
First, fix a partitioning of (K, 〈F 〉)∪ {σ}. Let F˜ be the top element in the interval
containing σ in this partitioning. Let τ be an h-face of K such that σ ( τ ⊆ F˜ . By
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induction, there exists a (d, h)-partition extender Kτ with specified facet Fτ and
specified h-face στ . Attach this (d, h)-partition extender to K
′ by identifying Fτ
with F˜ and identifying στ with τ . We define K to be the complex obtained from
K ′ by attaching Kτ for each τ with σ ( τ ⊆ F˜ .
The complex K with specified facet F and specified k-face σ is a (d, k)-partition
extender. To verify this, we need a partitioning of (K, 〈F 〉)∪{σ} and a partitioning
of (K, 〈F 〉). We note thatK consists of a (d, k)-prepartition extender K ′, and many
(d, h)-partition extenders Kτ , for each k < h ≤ d.
First, (K, 〈F 〉) ∪ {σ} admits a partitioning consisting of
(1) the partitioning of (K ′, 〈F 〉)∪{σ} derived from its status as a prepartition
extender,
(2) the partitionings of the Kτ such that τ is not included in the partitioned
set.
Furthermore, (K, 〈F 〉) admits a partitioning consisting of
(1) the partitioning of (K ′, 〈F 〉) ∪ {σ} excluding the interval [σ, F˜ ],
(2) the partitionings of the Kτ such that τ is included in the partitioned set
Since both of these partitionings exist, K is a (d, k)-partition extender, and by
induction, (d, k)-partition extenders exist for all pairs (d, k) with d ≥ k. 
Example 3.7. We now list the partitionings used for a (3, 1)-partition extender
with specified facet 1256 and specified face 56. The following is the constructed
partitioning of the poset which includes the face 56. It is organized so that each
row comes from a prepartition extender.
[56,3456] [15,1235] [16,1236] [125,2345] [126,1246]
[7356,7356] [735,4735] [736,4736] [756,4756]
[8456,8456] [845,8345] [846,8346] [856,8356]
Next, we give a partitioning of the poset which doesn’t include the face 56. Com-
pared to the previous partitioning, the only changes are in the first interval of each
row.
[3456,3456] [15,1235] [16,1236] [125,2345] [126,1246]
[356,7356] [735,4735] [736,4736] [756,4756]
[456,8456] [845,8345] [846,8346] [856,8356]
4. Main Theorem
Now we are prepared to prove our main result.
Theorem 4.1. Every pure simplicial complex has a partition extender.
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Proof. Let ∆ be a pure d-dimensional complex. For each k-face σ of ∆, attach a
(d, k)-partition extender to ∆ by identifying σ and a facet containing σ to the spec-
ified faces of the (d, k)-partition extender. Call this complex Γ. By Proposition 3.6,
Γ is a pure partitionable d-dimensional complex, with the partition where each
(d, k)-extender uses the σ it was attached to. Furthermore, (Γ,∆) is partitionable,
with the partition where each (d, k)-extender is partitioned without the σ it was
attached to. Therefore Γ is a partition extender for ∆. 
We now provide a combinatorial interpretation of the h-vector of a pure simplicial
complex ∆ with a partition extender Γ. We can write the f -vector of ∆ as
fi(∆) = fi(Γ)− fi(Γ,∆).
Since the h-vector is a bijective linear transformation of the f -vector, we transform
the above equation into
hi(∆) = hi(Γ)− hi(Γ,∆).
Since both Γ and (Γ,∆) are partitionable, we may use the combinatorial interpre-
tation of these values to give a combinatorial interpretation of hi(∆).
Corollary 4.2. If ∆ is a pure simplicial complex, then
hi(∆) =|{intervals in a partitioning of Γ with bottom element of size i}|
− |{intervals in a partitioning of (Γ,∆) with bottom element of size i}|
for any partition extender Γ of ∆.
5. Cohen–Macaulay Extenders
Given the existence of partition extenders of pure simplicial complexes, it seems
natural to ask if extenders exist for other well-studied combinatorial properties
of simplicial complexes. A relative complex (Γ,∆) is relatively Cohen–Macaulay
if IΓ/I∆ is a Cohen–Macaulay k[x]-module. Equivalently, a relative complex is
relatively Cohen–Macaulay if the relative homology H˜i(lkΓ(σ), lk∆(σ)) is trivial
except possibly when |σ| + i = d, where d is the dimension of Γ [15, Theorem
III.7.2].
Definition 5.1. Let ∆ be a pure d-dimensional simplicial complex. A d-dimensional
complex Γ is a Cohen–Macaulay extender for ∆ if
• ∆ ⊆ Γ.
• Γ is Cohen–Macaulay.
• The relative complex (Γ,∆) is relatively Cohen–Macaulay.
Unlike the case for partition extenders, there is a large class of pure complexes for
which Cohen–Macaulay extenders do not exist. The depth of a simplicial complex
∆ is defined as depth k[∆], the depth of its Stanley–Reisner ring. By applying
Hochster’s formula [11], it can be shown that depth k[∆] is the largest integer h
such that H˜i(lk∆(σ)) is trivial whenever |σ|+ i < h for all −1 < i < d and σ ∈ ∆.
We recall that for a d-dimensional simplicial complex ∆, dim k[∆] = d+ 1.
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Proposition 5.2. If ∆ is a simplicial complex such that depth k[∆] < dim k[∆]−1,
then ∆ does not have a Cohen–Macaulay extender.
Proof. Let ∆ be a d-dimensional complex with depth k[∆] < dim k[∆] − 1. This
means that there is a face σ ∈ ∆ such that H˜i(lk∆(σ)) is nontrivial for some
|σ|+ i ≤ d− 2.
Suppose Γ is a d-dimensional complex such that Γ is Cohen–Macaulay and ∆ ⊆ Γ.
We can write the long exact sequence of relative homology for the pair (lkΓ(σ), lk∆(σ)).
0 H˜d−|σ|(lk∆(σ)) H˜d−|σ|(lkΓ(σ)) H˜d−|σ|((lkΓ(σ), lk∆(σ)))
H˜d−|σ|−1(lk∆(σ)) H˜d−|σ|−1(lkΓ(σ)) H˜d−|σ|−1((lkΓ(σ), lk∆(σ)))
H˜d−|σ|−2(lk∆(σ)) H˜d−|σ|−2(lkΓ(σ)) H˜d−|σ|−2((lkΓ(σ), lk∆(σ)))
H˜d−|σ|−3(lk∆(σ)) H˜d−|σ|−3(lkΓ(σ))
Since Γ is Cohen–Macaulay, we know that H˜i(lkΓ(σ)) is trivial whenever |σ|+i < d.
This breaks up into the following exact sequences for each i ≥ 1:
0 H˜d−|σ|−i((lkΓ(σ), lk∆(σ))) H˜d−|σ|−i−1(lk∆(σ)) 0
Since each of these middle maps is an isomorphism, we can see that since H˜i(lk∆(σ))
is nontrivial with some |σ|+ i ≤ d− 2, H˜j((lkΓ(σ), lk∆(σ))) is nontrivial for some
|σ| + j ≤ d − 1. This shows that the relative complex (Γ,∆) cannot be relatively
Cohen–Macaulay. Therefore there is no Cohen–Macaulay extender for ∆. 
Theorem 5.3. Let ∆ be a simplicial complex. Then ∆ has a Cohen–Macaulay
extender if and only if depth k[∆] ≥ dim k[∆] − 1.
Proof. The case that depth k[∆] < dim k[∆] − 1 is covered by Proposition 5.2, so
we assume that depth k[∆] ≥ dim k[∆]− 1.
Let ∆ be a d-dimensional simplicial complex with depth at least d, and let Γ be a
Cohen–Macaulay d-dimensional complex that contains ∆. We begin by writing a
short exact sequence of modules over k[x1, . . . , xn] with I∆ and IΓ as the Stanley–
Reisner ideals associated to ∆ and Γ.
0→ I∆/IΓ → k[Γ]→ k[∆]→ 0
By the assumptions on ∆ and Γ, we can see that depth k[Γ] = dim k[Γ] and
depth k[∆] ≥ dim k[∆] − 1 = dim k[Γ] − 1. By the depth lemma [6, Proposition
1.2.9], we get that depth(I∆/IΓ) = dim k[Γ] − 1. This is equivalent to saying that
(Γ,∆) is relatively Cohen–Macaulay. Therefore Γ is a Cohen–Macaulay extender
of ∆. 
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Theorem 5.3 shows that if depth k[∆] ≥ dim k[∆] − 1, then any Cohen–Macaulay
complex Γ of the same dimension that contains ∆ is a Cohen–Macaulay extender
for ∆. If ∆ is a d-dimensional complex on n + 1 vertices, then perhaps the most
natural Cohen–Macaulay extender to consider is the d-skeleton of the n-simplex
∆
(d)
n , which is
∆(d)n = {σ ⊆ [n+ 1] : |σ| ≤ d+ 1}.
In particular, we note that if a Cohen–Macaulay extender exists for a complex, then
we can construct one without introducing new vertices.
6. Shelling extenders and Simon’s conjecture
A relative complex (Γ,∆) is shellable if its facets can be ordered F1, . . . , Fk such
that 〈Fi+1〉 \ 〈F1, . . . , Fi,∆〉 has a unique minimal face for all i ∈ [k − 1]. Such an
ordering of the facets is a shelling order. If a pure relative complex is shellable,
then it is relatively Cohen–Macaulay [15, Page 118]. Therefore, in our search for a
similar notion of an extender for shellability, we limit our search to complexes ∆
such that depth k[∆] ≥ dim k[∆]− 1.
Definition 6.1. Let ∆ be a pure d-dimensional simplicial complex. A d-dimensional
complex Γ is a shelling extender for ∆ if
• ∆ ⊆ Γ.
• Γ is shellable.
• The relative complex (Γ,∆) is shellable.
Conjecture 6.2. If ∆ is a simplicial complex such that depth k[∆] ≥ dim k[∆]− 1
for all fields k, then ∆ has a shelling extender.
Such shellable extenders may have application to a conjecture of Simon. We first
recall that a pure complex ∆ is extendably shellable if every partial shelling order
F1, . . . , Fj can be extended to a shelling order F1, . . . , Fj , Fj+1, . . . , Fk of ∆.
Conjecture 6.3. [14, Conjecture 4.2.1] If ∆ is the d-skeleton of an n-simplex, then
∆ is extendably shellable.
Some partial results about extendable shellability are known. Simon’s conjecture
is known to be true in certain cases. For d ≤ 1 and d ≥ n − 1, the conjecture is
clearly true. The case d = n− 2 was proved by Bigdeli, Yazdan Pour, and Zaare-
Nahandi in [3] and by Dochtermann in [8] (and was strengthened by Culbertson,
Dochtermann, Guralnik and Stiller in [7]).
The case d = 2 was shown by Björner and Eriksson in [4] as a consequence of
the fact that matroid complexes of rank ≤ 3 are extendably shellable, since the
d-skeleton of the n-simplex is the independence complex of the uniform matroid
of rank d + 1 over n + 1 elements. On the other hand, in [10, Theorem 2.3.1]
Hall shows that the boundary of the d-crosspolytope is not extendably shellable for
d ≥ 12. In [1], Benedetti and Bolognini found a conterexample to a strengthening
of Simon’s conjecture that had been posed by Bigdeli and Faridi [2], Dochterman
[8], and Nikseresht [12].
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We note the connection between Conjecture 6.2 and Simon’s conjecture.
Question 6.4. If a shelling extender exists for ∆, then is it possible to create a
shelling extender Γ without introducing any new vertices?
Remark 6.5. If Quesiton 6.4 has a positive answer, then this would prove Con-
jecture 6.3.
Theorem 5.3 shows that the d-skeleton of the n-simplex is a Cohen–Macaulay exten-
der for ∆ whenever one exists. Thus it is reasonable to ask whether this construction
is possible in the case of shelling extenders.
7. Questions and Future Directions
One may ask how close a given complex ∆ is to being partitionable by considering
the “smallest” possible partition extender Γ. Our construction produces partition
extenders that are quite large, but it is often possible to find smaller extenders by
hand. The bow-tie pictured below is a standard example of a non-partitionable
complex, with a negative entry in the h-vector.
Example 7.1. Below, the dark complex is the bow-tie with f -vector equal to
(1, 5, 6, 2) and h-vector equal to (1, 2,−1, 0). The entire complex pictured has f -
vector (1, 5, 7, 3) and h-vector (1, 2, 0, 0). The lighter shaded relative complex has
f -vector (0, 0, 1, 1) and h-vector (0, 0, 1, 0). Both the larger complex and relative
complex are partitionable, and the h-vector of the bow-tie is given by the difference
of the two other h-vectors.
The above example of a partition extender is far smaller than those constructed
in the proof of Theorem 4.1. This observation leads naturally to the following
questions:
Question 7.2. Is it possible to construct a minimal partition extender with respect
to the number of faces added? With respect to the size of the h-vector of the relative
complex? With respect to some other measure of size?
Question 7.3. Assuming that a minimal partition extender exists, is it unique?
If, for example, ∆ is a complete graph on four vertices together with two additional
disjoint edges, then h(∆) = (1, 6, 1) but ∆ is not partitionable. This means that
the number and sizes of the negative entries of the h-vector of a complex does not
capture how many faces need to be added to create a partition extender, since there
are non-partitionable complexes whose h-vectors are all positive. In fact, a result
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of Duval, Goeckner, Klivans, and Martin [9] shows that that there are even Cohen–
Macaulay complexes (which have much stronger conditions on their h-vectors than
positivity) that are non-partitionable.
Example 7.4. Here we explicitly realize our construction on a pair of edges in
black, with the partition extender drawn in a lighter shade. Our construction
adds 8 vertices and 13 edges, but a minimal partition extender can be created by
introducing a single edge to connect the two edges in black.
Given a complex ∆, we might ask how many faces must be added to create a
partition extender Γ via our construction. If g(k) is the number of faces in a
(d, d− k)-partition extender, then g(k) is defined by the recurrence relation
g(k) = k(2d+1 − 2k) +
k−1∑
j=0
(
k
j
)
g(j).
Since g is an increasing function, if we ignore the term −2k, we obtain a simple
one-term recurrence relation bound
g(k) ≤ k2d+1 + 2kg(k − 1).
As long as g(k − 1) > 2d+1,
g(k) ≤ 2(2k)g(k − 1).
The starting term is g(0) = 0, and g(1) ≤ 2d+1. Therefore, an upper bound for
g(k) is
g(k) ≤ 22
k−1+d.
Thus, given a complex ∆ with f(∆) = (f−1, f0, . . . , fd), our construction will add∑
−1≤k≤d
fk · g(d− k) ≤
∑
−1≤k≤d
fk · 2
2d−k−1+d
total faces. This bound is not exact, but we expect it to be of the correct order of
magnitude.
We note that our construction of a partition extender can be generalized to non-
pure complexes in a natural way. Suppose that ∆ is a non-pure complex. There
is a generalization of the h-vector called the h-triangle h△(∆) [5, Section 3] that
satisfies h△(Γ,∆) = h△(Γ)− h△(∆) as long as Γ and ∆ have the same set of facet
dimensions. The h-triangle h△(∆) is a two-dimensional array with entries hi,j(∆).
If ∆ is partitionable, hi,j(∆) is the number of Boolean intervals in the partitioning
whose bottom element has size j and whose top element has size i.
Let ∆ be a non-pure complex. For each k-face σ ∈ ∆, we define
dσ = max
τ∈∆
{dim(τ) | σ ∈ τ}.
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Let Γ be the complex obtained by attaching a (dσ, k)-partition extender to each
k-face σ of ∆ for all k. Then Γ and (Γ,∆) will both be partitionable. This yields
an interpretation of the h-triangle of a non-pure complex as the difference of the
h-triangles of a partitionable complex and a partitionable relative complex.
Given some condition on the depths of the pure skeletons a non-pure complex ∆, we
expect that it should be possible to construct a sequentially Cohen–Macaulay ex-
tender Γ, that is, a Γ ⊇ ∆ such that Γ and ∆ have the same set of facet dimensions,
and Γ and (Γ,∆) are both sequentially Cohen–Macaulay.
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